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Robustness Optimization of Structural and Controller Parameters

Kyong B. Lim*
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

and
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In this paper, several novel ideas in the definition and optimization of robustness for structures and structural
controllers are presented. A robustness bound attributable to Patel and Toda is developed using eigenvalue condition-
ing analysis. Homotopy and sequential linear programming algorithms are used in lieu of conventional nonlinear
programming to implement these ideas for an illustrative example. The numerical results confirm the conservatism
of the stability robustness bound but nevertheless support the hypothesis that maximizing the robustness measure does
significantly increase the true robustness of a closed-loop system. The results also indicate that maximizing the
stability robustness measure produces more robust designs than minimizing eigenvalue sensitivity directly.

I. Introduction

FOR some proposed space structures1'2 it is not difficult to
imagine that some prescribed performance requirements

may give rise to a scenario where an ad hoc structure design is
not optimally suited for a controller design, or where a feasible
controller that satisfies a set of a priori desired constraints may
not even exist, especially for marginally feasible missions. One
may then wish to investigate a unified approach whereby struc-
ture and controllers are designed simultaneously to achieve
improved performance.

Some recent work on the unified approach includes Refs.
3-10. To the authors' knowledge, the first general simultaneous
optimization formulation is given in Ref. 7. Here, a minimum
modification strategy in conjunction with a continuation
method11 of handling constraint equations is used for eigen-
value optimizations. Although the results in Refs. 7 and 8
demonstrated an algorithm with convergence to moderately
high dimension, they suggest more research and numerical
studies to extend their ideas to truly high-dimensional systems.
This paper represents such an extension, with the added ele-
ment of optimization for robustness.

The SIMPLEX algorithm is an efficient and reliable al-
gorithm for solving Linear Programming (LP) problems.12'13

Although LP is not popular among dynamics and control
engineers, Ref. 14 recognizes LP as a powerful approach to
handling a large number of locally linear constraints and
proposes solving structure and control optimization problems
by introducing a sequence of LP problems. In a successful
effort1* to improve the method in Ref. 14, a different formula-
tion is presented which involves the addition of a local maxi-
mum allowable step size constraint and transformations to the
standard LP without increasing the dimension of the local LP
problem.

We next focus on performance indices that provide some
measure of stability robustness of a closed-loop system with
respect to inevitable ignorance (of the equations that perfectly
model the actual system). As pointed out,16 the majority of the
effort to date has focused on developing analysis tools in the
frequency domain, and only a relatively smaller amount of
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effort has been focused on control law synthesis for robustness.
The lack of design^oriented methodology and research is even
more pronounced for time domain measures; There is an ur-
gent need to develop design methodology for robust control.

A more direct but perhaps less rigorous class of methods for
dealing with the robustness problem is sensitivity minimiza-
tion. Reference 17 introduces a "modal insensitivity" condition
and suggests an eigenstructure assignment approach to achiev-
ing modal insensitivity. Recently, Refs. 18 and 19 focused on
design algorithms for optimal quadratic regulators with modal
insensitivities. However, to impose zero modal sensitivity will
prove too restrictive for most applications of high-dimensional
systems. In the light of the latter problem, Ref. 15 proposed a
direct minimization of the norm of eigenvalue sensitivities.

In summary, the need for a dependable optimization tool
that efficiently handles a large number of nonlinear inequality
constraints and a high-dimensional design space is critical, par-
ticularly for use in simultaneous design of structures and con-
trollers. It is also important that nonlinear optimization
iterations be done in such a way that convergence failures are
informative, i.e., that suggested restatements of the problem
would lead to a least-compromised solution. In addition, meth-
ods are needed for incorporating performance and stability
robustness tolerances based on recently developed robustness
criteria for design of structural control systems.

In Sees. II and III, we present the most specific and immedi-
ately useful result, namely, an algorithm involving the sequen-
tial LP and continuation method, In Sec. IV, an interpretation
of the weighted eigenvalue sensitivity matrix is given. Section V
explores the stability robustness criterion of Patel and Toda. In
Sec. VI, the concepts of eigenvalue conditioning are applied to
derive a familiar criterion that guarantees asymptotic stability.
Section VII focuses on applications. Finally, Sec. VIII presents
a few concluding remarks.

II. Continuation Approach to Imposing Constraints in
Nonlinear Optimization

We consider all sets of constraint vectors that can be reduced
to the forms f(p) ^f°J(p) ^/°, or/(/?) =/° and indicate all
three possibilities by the following notation:

(1)

where f° denotes specified objectives and /(/?) represents con-
straint functions whose dependence on parameter vector p is
assumed known and well-behaved. The complex nature of con-
straints generally leads to various problems in the context of
mathematical programming. First, the constraint objectives
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may be such that no feasible solution exists. Second, it may be
difficult to locate a starting feasible solution. The continuation
method11 resolves, at least to a significant degree, the preceding
problems by seeking out at least a feasible solution to a neigh-
bor of the original problem (if indeed a feasible solution to the
originally stated problem does not exist) and providing arbi-
trarily good initial guesses by starting each iteration with a
neighboring converged solution.

The method essentially involves replacing a subset of the
original constraint objectives f°, typically consisting of most
compromising and/or demanding constraints, by a sequential
neighboring set of constraint objectives F(yt) where

In Eq. (2), ps is an arbitrarily chosen starting design vector and
yl a scalar parameter satisfying

/-v _ ^ ^ ^ _ 1 / >5\

For redesign problems, ps is naturally taken to be the nominal
value.20 The preceding convex combination of starting and
final constraint objectives shows that if convergence is achieved
at 7 = 1, we recover the original constraint condition in N
steps. In most nonlinear problems where linearizations about
current values are assumed, of course, the step size of Ay can be
chosen to validate the assumptions. Perhaps most importantly,
failure to reach the final (y = 1) solution is softened by conver-
gence to a neighboring solution. The active constraint set and
gradient information of the last convergence provides a basis
for intelligent revisions of the prpblem statement. The given
approach (with some variations) has been implemented suc-
cessfully in several problems as documented in Refs. 7, 8, 10,
14, 15, and 20.

III. Optimization via Sequential Linear Programming
The following features motivate the use of sequential linear

programming (SLP) for the solution of mathematical pro-
gramming formulations of simultaneous structure and con-
troller design problems: 1) there is a large number of con-
straints, mostly inequalities, 2) efficient and reliable LP codes
are available, and 3) problem formulations are direct and sim-
ple, especially constraint equations. Perhaps further justifica-
tion for our emphasis on the SLP approach can be attributed
to its historical lack of application, even though Refs. 21 and
22 support our conclusion that it is often superior to conven-
tional nonlinear programming methods.

Let us consider the general nonlinear programming problem:
Maximize:

Subject to:
J(P)

(5)

To transform the stated problem to an LP problem, the equa-
tions are linearized locally. In some cases, the problem as for-
mulated may be solved iteratively until some type of numerical
convergence occurs. However, for general nonlinear problems
(where initial guesses close to the optimum are not available
and linearization assumptions about a nominal point do not
hold over all of the feasible region), additional restrictions are
laeeded for its numerical solution.

For those reasons, we introduce constraints on the maxi-
mum parameter corrections allowable locally,

-e ^ A/? ^ e (6)

Equation (6) applies element by element, since A/? and s are
vectors. All elements of e are assumed positive. Note that the
current step size bound, e, may be adjusted judiciously to ac-

commodate a tradeoff between satisfying the local linearity
assumption and permitting a solution to the neighbor con-
straint that depends on the step change of • (y/ — }>/_ i). Some
degree of numerical experimentation is usually necessary for an
efficient implementation of the given method.

To obtain a nonnegative set of solution vectors without in-
creasing the dimension of the design space, introduce a transla-
tional transformation15

y = A/? + s (7)

In terms of the nonnegative coordinates y, it can be shown10

that the LP problem at step i can be written as

Maximize:

Subject to:

a/
(8)

-/(/>'-')

where pi = pi~l +y — s,p°=ps, i = 1,...,7V, and y is nonnega-
tive. In Eq. (9), N denotes the number of homotopy steps. By
adding slack and/or surplus variables which are themselves
nonnegative, the shown LP can be transformed to the standard
form13 and solved using available codes.25

IV. Eigenvalue Sensitivity Norm
In this section, the problem of quantifying the sensitivities of

eigenvalues due to parameter variations is considered. A direct
measure of eigenvalue sensitivity is the quadratic

I I (10)

where Af and wtj represent eigenvalues and nonnegative weight-
ing factors, respectively. References 10 and 15 demonstrate the
feasibility of using such an index to attain low sensitivity while
simultaneously assigning eigenvalues. In the sequel, the useful-
ness of minimizing the direct sensitivity measure of Eq. (10)
will be compared to other designs.

To examine the significance of the preceding matrix of eigen-
value sensitivities, the linearly predicted changes in n -eigen-
values due to small changes in w-parameters are written as

AA = Skp (11)

where S represents n by m matrix of eigenvalue sensitivities. A
weighted vector norm of eigenvalue change is defined as

= LTL (12).

where the weight matrix W is a designer-specified positive-
definite symmetric matrix that weighs the sensitivity of individ-
ual modes. The superscript H represents hermitian transpose,24

and L is a lower triangular matrix derived from a Cholesky
factorization of W. Next, normalize parameter changes Ap by

Ap = 0<5, (13)

where 0 is a matrix of normalizing constants. It can be
shown10 that the scalar

= \\LTS®\\2 (14)

represents an upper bound on the square of weighted eigen-
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value error norms, |AA||W, for all normalized perturbations
satisfying 6Td ^ 1. Equation (14) represents a convenient
scalar index for a weighted measure of eigenvalue sensitivity.
For a typical application, L and 0 may be specified by the
designer while the elements of S may be iteratively driven so as
to minimize the sensitivity measure. The physical significance
of weights L and 0 should be noted. It should be emphasized
that although both Eqs. (10) and (14) represent sensitivity in-
dices, only Eq. (14) is directly related to a linearly predicted
bound on weighted eigenvalue perturbation.

V. Robustness Measure of Patel and Toda
As with any sensitivity formulation, the eigenvalue sensitiv-

ity indices discussed in Sec. IV are, strictly speaking, local mea-
sures. This implies that for a given configuration with low
sensitivity, there is no guarantee that even a small finite pertur-
bation will not destabilize the system. As a result, there is
interest in methods that can guarantee various properties of a
control system under finite ignorance. In this section, we briefly
review an important result due to Ref. 23.

Consider the system described by

x(t)=[A+E(t)]x(t) (15)

where A represents a closed-loop state matrix and the un-
certainty of the system is assumed representable by E(t). It can
be shown23 that the system in Eq. (15) remains stable if E(t)
satisfies

(16)

where

/^ = I/max A(P) (17)

and P is the solution of the Lyapunov equation

ATP-{-PA = -21 (18)

It can also be shown23 that

\JL ^ min[ — ReA(Aj] (19)

Equation (19) gives a bound on achievable robustness with this
kind of measure. It is apparent that the ideas of robustness and
stability margin are closely related. For pole placement designs
by active feedback where eigenvalues are specified, the robust-
ness measure n can in principle be maximized up to
min[— Reh(A)] by seeking a normal matrix with the desired
eigenvalues, provided no additional constraints are imposed.
The preceding problem is nontrivial in practice, and there is
currently no known algorithm to accomplish this.

VI. Stability Robustness Criterion Using
Eigenvalue Bounds

An approach to describing eigenvalue sensitivity is through
the concept of conditioning in numerical analysis. In short, the
eigenvalue condition number provides an upper bound on the
perturbation of the eigenvalues due to a unit norm change in
the system matrix.24

In this section, the eigenvalue bounding equations are ap-
plied to guarantee linear system stability and arrive at a stabil-
ity robustness criterion. This measure corresponds exactly to
the criteria derived in Ref. 23 using the Lyapunov stability
theorem and several other lemmas. This is indeed an interesting
equivalence. We begin by stating a well-known result in matrix
theory:24 Let A be nondefective, and the eigenvalue and eigen-
vector matrices be written as

= [xl9...,xn] (20)

' A +E, then at least one eigenvalue of A satisfies

c(X) = \\X\\\\X-i\\ (21)

where || • || represents any fixed 1, 2, or oo norms. The signifi-
cance of the condition number c(X) is clear; it directly estab-
lishes the radius of uncertainty within which all eigenvalues are
perturbed due to an error E in the A matrix.

To obtain asymptotic stability bounds using the given eigen-
value bound, assume that the unperturbed system A is asymp-
totically stable. The problem then is to find the upper bound on
|| £ I that guarantees that all perturbed eigenvalues remain in
the left-half 5-plane. Let us consider the set of all E satisfying

\\E\\c(X)<min[-Rel(A)]

Then by Eq. (21),

m n - Hj\ < min[ -

(22)

(23)

Equation (23) states that the distance from every perturbed
eigenvalue to the closest unperturbed eigenvalue is always less
than the perpendicular distance of the closest unperturbed
eigenvalue to the imaginary axis. This implies that all the per-
turbed eigenvalues will remain in the left-half plane. It follows
that for all perturbations satisfying

\\E\\ <min[-Re^(A)]/c(X) (24)

If /z and v (where \\v\\ = 1) is an eigenpair of a perturbed matrix

the system in Eq. (15) remains asymptotically stable. It is clear
from Eq. (24) that its right-hand side represents a measure of
stability robustness. Note that when A is normal, X is unitary
and the condition number takes the minimum value of unity.
From Eq. (24) note also that within the set of all A matrices
with the same min[ — Rel(A)], the maximum stability robust-
ness condition corresponds to the minimum condition number
of the eigenvalue problem, a consistent and intuitively pleasing
result! A significance of this is that the problem of minimizing
the condition number by eigenvector shaping is equivalent to
the problem of maximizing the given stability robustness mea-
sure for a fixed set of closed-loop eigenvalues.

A major problem, which is fairly well-known in the literature
on robust control, is the conservatism of robustness measures
that admit unstructured perturbations. This conservatism is
rather democratic in that it afflicts all of the time and frequency
domain robustness measures known to the authors. This
conservatism is apparently more evident for problems having
system matrices that are highly parameterized or that have
significant internal structure. In the sequel, the level of con-
servatism involved is examined numerically for a particular
problem.

VII. Applications
A hypothetical structure (see Fig. 1) is chosen for our design

study with the equation of motion derived in Ref. 10. The
structure consists of a free-free flexible beam with a rigid body
attached to the center of the beam by a pin-joint and a tor-
sional spring. This structure can be seen as a planar model of
a flexible satellite consisting of a rigid payload and a gimbaled
flexible appendage. We consider a 20th-order assumed modes
model, and for simplicity we ignore the model reduction issues
by assuming our model to be exact. Thus the configuration
coordinates are {fli^^iv^s} where r\t{f) is the amplitude of
the assumed modes chosen from the first eight modes of the
free-free uniform beam.

Four massless torque actuators are assumed, one attached to
the mass center of the total structure and the remaining along
the flexible beam. For direct output feedback, 12 independent
measurements are assumed available: four elastic displace-
ments and velocities at four discrete locations along the beam
and angular displacements and velocities of the rigid body and
flexible beam frames with respect to inertial frame. Notice that
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x 2 X 2
X Y = Inertial Framei1A2
X, ,X 2 = Wgld Body Frame

j , £2 = Flexible Beam Frame

Table 3 Lower, upper, and local step size bounds

Fig. 1 Rigid body with attached flexible beam.

Tablet Nominal design variables

Design variable Symbol Nominal value

Actuator 1 location
Actuator 2 location
Actuator 3 location
Torsional spring stiffness
Thickness of beam
Young's modulus of beam
Mass density of rigid body
Output gain elements

*i
a2
a3
k
tF
E
PR

5m
10m
15m

500 N-m/rad
O.lm

0.1482xl09N/m2

300 kg/m3

Table 2 Open and desired closed-loop frequencies and damping factors

Mode ——
number co (rad/s)

Open-loopa Desired closed-loop*

o)obj (rad/s) CobJ

1
2
3
4
5
6
7
8
9

10

0.0
0.2803
0.3443
1.241
1.768
3.981
5.004
8.295
9.902

14.34

0
0.1402 x 10- 5

0.1718 x l O ~ 5

0.6204 x 10- 5

0.8839 x 10~5

0.1990 x 10~4

0.2502 x 10-4

0.4147 x 10~4

0.4951 x 10~4

0.7171 x 10~4

0.1
0.3
0.45
1.0
1.5
4.0

>e»S6 + 0.1
Unconstrained
Unconstrained
Unconstrained

0.7
0.1
0.1
0.05
0.05
0.05
0.02
0.02
0.02
0.02

the measured local displacements on the beam depend upon all
elements in the configuration vector.

Table 1 shows the nominal (or starting) design variables.
The open-loop damping factors and frequencies along with
desired closed-loop values are given in Table 2. We consider
the problem of driving 10 damping factors and 7 natural fre-
quencies to desired values.

A. Optimal Eigenvalue Placement Designs Using Output Feedback

/. Minimum Eigenvalue Sensitivity Design
Since lower-frequency modes generally dominate transient

response for structural systems, we choose to minimize the
eigenvalue sensitivity of the lower six modes with respect to a
set of five design parameters (three actuator locations, tor-
sional stiffness, and beam thickness). The eigenvalue sensitivity
cost function is written as

5 6

Z I dPj
(25)

Parameter Symbol

Lower bounds on actuator
location

Upper bounds on actuator
location

Lower bounds on spring
stiffness

Lower bound on beam
thickness

Upper bound on beam
thickness

Lower bound on beam
stiffness

Lower bound on rigid body
density

Upper bound on rigid body
density

Local step size bounds
Actuator location
Spring stiffness
Beam thickness
Beam stiffness
Rigid body density
Gain elements / = 1,...,4

Frequency separation between
modes 7 and 6

k<

P"R

, Aa2, i
Afc

AG(i,k)

Aco7fi

Om

20m

5 N-m/rad

0.01m

2m

0.1480x 109N/m2

50 kg/m3

1000 kg/m3

O.lm
30 N-m/rad

0.01m
0.1 x 105N/m2

40 kg/m3

10

0.1 rad/s

ith eigenvalue with respect to theyth parameter. In this exam-
ple, the weights are chosen only to reflect a sum of eigenvalue
sensitivity with respect to nondimensionalized parameters, i.e.,
the weights are taken as the square of the magnitude of the
nominal parameters. The set of design parameters used to min-
imize the given sensitivity measure consists of 7 structural vari-
ables and 48 gain elements as shown in Table 1. The constraints
are summarized as follows:

Actuator location constraints:

1,2,3

Plant parameter constraints:

(26)

(27)

Eigenvalue constraints:

Local step size constraints:

/ = !,.. .,55

(28)

(29)

where wtj represents the relative weight of the sensitivity of the

where Apz and ez represent the /th parameter change and the
corresponding scalar bounds, respectively. The lower and up-
per bounds on the actuator locations, structural parameters,
and step size are given in Table 3.

The SLP and continuation methods described previously are
applied and then solved by an LP code.25 A starting homotopy
step size of Ay = 0.005 gradually increasing to Ay =0.1 was
found to be suitable for this problem. After each new incre-
ment by Ay, the value of y (which corresponds to a percentage
enforcement of the eigenvalue relocation constraints) is kept
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0.0 0.2 0.4 0.6 0.8 1.0

7
Fig. 2 Convergence histories of eigenvalue sensitivity index.

10
0.2 0.4 0.6 0.8

7
Fig. 3 Convergence histories of stability robustness index.

10000

1.0

2000
0.0 0.2 0.4 0.6 0.8 1.0

7
Fig. 4 Convergence histories of total mass.

fixed while the local parameter step size is decreased by one-
half and the LP resolved. This is done sequentially until no
discernable improvement in cost function is observed.
2. Maximum Stability Robustness Design

Consider the optimization of the stability robustness mea-
sure ft given by Eq. (17). Since A is assumed asymptotically
stable, P is a symmetric positive-definite matrix, and therefore
// is a well-defined positive number. To formulate the SLP
problem, the denominator of the cost function is expanded.

The required sensitivity of the maximum eigenvalue of P with
respect to the jth parameter is

r (30)

where u denotes the real eigenvector corresponding to the max-
imum eigenvalue £ which satisfies the real, symmetric eigen-
value problem

PM = IW (31)

The sensitivity of P as required in Eq. (30) can be obtained by
taking the derivative of the Lyapunov equation to get

ATA dP dP A (dAT
 n dA

+irA = - rr~ p + pirdpj \ dpj dpj (32)

From the preceding equation, dP/dpj always exists and is
unique, since all the eigenvalues of A are assumed to have
negative real parts.26

3. Minimum Mass Design
The total mass of the structural system is used as the cost

function to be minimized. The total mass of the combined
structure can be written as

= Mflexible + Mrigid = t (33)

where the only design variables affecting the total mass are the
thickness of the flexible beam tF and the mass density of the
rigid body pR.

B. Numerical Results
Figures 2-4 illustrate the convergence histories of weighted

eigenvalue sensitivity, stability robustness, and total mass of
the system, respectively. It can be observed that for all three
cases, convergence to the desired eigenvalue constraints is com-
plete (i.e., y = 1.0 is achieved).

In Fig. 2, eigenvalue sensitivities are plotted. Initially
(y < 0.1); the minimum mass design results in eigenvalue sensi-
tivity comparable to minimizing the sensitivity directly. For
values of y > 0.1, the sensitivities fluctuated in an unpredictable
manner far above the values of the minimum sensitivity case.
Note that maximizing robustness did not influence eigenvalue
sensitivity significantly.

Figure 3 shows the stability robustness measures. As ex-
pected, the maximum robustness design gives the highest ro-
bustness. It is interesting to observe that the sensitivity design
results in a robustness history paralleling that of the robustness
design history for y at initial stages (y < 0.1) and remains essen-
tially constant at 10 ~4 thereafter. This indicates the usefulness
of minimizing eigenvalue sensitivity for robustness optimiza-
tions when the eigenvalues are close to the imaginary axis, i.e.,
when there is a low stability margin. For minimum mass de-
sign, the robustness index remains significantly below optimal
values. However, the robustness index gradually increases with
y, although its corresponding eigenvalue sensitivity becomes
very large. This is probably due to the increase in stability
margin with increasing y. Incidentally, this supports the correct
view that stability robustness and sensitivity are not related
one-to-one.

The total mass histories in Fig. 4 show large differences be-
tween the total mass of each different design. However, the
trend of the total mass for sensitivity and robustness designs
are similar. Table 4 shows the performance indices at starting
and final converged conditions. The improvements in sensitiv-
ity, total mass, and robustness are clearly evident. The condi-
tion number and an alternate robustness index are shown for
additional comparisons.

To further evaluate the robustness and eigenvalue sensitivity
of the various designs, an alternate robustness index, Eq. (24),
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Table 4 Performance indices at starting and final converged conditions

Final

Cost
function

Eigenvalue
sensitivity

Total mass

Initial

20.0

5398

Sensitivity
design

6.64

3336

Robustness
design

20.7

4952

Mass
design

130.6

2853

Robustness
(l/<r) 0.251 x 10~7 0.258 x 10~3 0.275 x 10~2 0.138 x 10~3

Robustness
mm[-ReX\/c 0.651 x 10~15 0.665 x 10~4 0.314 x 10~3 0.915 x 10~4

Condition
number c 419.3 453.3 95.9 329.2

0.0004

0.0 0.2 0.4 0.6 0.8 1.0
0.0000

Fig. 5 Convergence histories of stability robustness index.

800
o Minimum Sensitivity Design

Minimum Mass Design
Maximum Robustness Design

0.0 0.2 0.4 0.6 0.8 1.0

7
Fig. 6 Convergence histories of eigenvalue condition number.

is plotted along with the eigenvalue condition number in Figs.
5 and 6, respectively. From Fig. 5, the maximum robustness
design is clearly seen to be the most robust in terms of the
alternative stability robustness index and in fact, Fig. 5 and the
corresponding Fig. 3 are very similar. Furthermore, Fig. 6
shows that the condition numbers corresponding to the robust-
ness design case had the smallest values and decreased
monotonically to an asymptotic value. Note the interesting
similarity between sensitivity and robustness designs with re-
spect to the condition number for small y ( ̂ 0.1) from Fig. 6.
The stated similarity indicates that the condition number,

-0.25 -0.20 -0.05
o

0--0.15 -0.10
Re(X)

Fig. 7 Closed-loop eigenvalue trajectories with respect to y.

much like the previously observed eigenvalue sensitivity norm,
may serve as a stability robustness index when the system is
marginally stable, i.e., for small y. This observation is not unex-
pected since the condition number does not contain stability
margin information. In other words, the condition number is
essentially a local eigenvalue sensitivity measure and as such, it
is strongly related to stability robustness only when the eigen-
values lie near the imaginary axis.

Furthermore, observe that the condition number does not
appear to be a reliable indicator of stability robustness as com-
pared with the measures of Patel and Toda due to the asymp-
totic behavior for stability robustness design for y ;> 0.2 (Fig.
6), while the other two robustness indices both show a steady
increase in robustness over all y (Figs. 3 and 5).

Figure 7 depicts the closed-loop eigenvalue trajectories of all
10 modes. Much of the parallelism in the eigenvalue trajecto-
ries can be attributed to the continuation method of handling
constraints; the smooth convergence and the numerical robust-
ness in the trajectories are evident from this figure.

C. Evaluation of True Stability Robustness
It was shown earlier that the robustness measure of Patel

and Toda represents a bound on the norm of system matrix
perturbation for guaranteeing closed-loop stability. It can be
seen that the three designs correspond to three different levels
of robustness at y = 1.0. For the dual purpose of verifying
Patel and Toda's robustness criterion and to obtain an estimate
of its conservatism when applied to parameter perturbation
problems, we compute true stability limits by sweeping individ-
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Table 5 Converged parameters for the three "optimal" designs

Case I: Minimum eigenvalue sensitivity
Case II: Maximum stability robustness design
Case III: Minimum mass design

Case
I

II
III

Gain matrices:
r 654.2 -461.4
-154.2 -132.9

GI = -614.0 54.8
_- 730.5 200.5

r 137.2 -944.7
-530.1 -874.1

Gu = _478.7 -710.1
363.7 -497.1

r 1038.0 -411.2
-71.2 -157.3

Gni= -611.7 -198.3
_- 707.5 -145.7

a\
4.924
4.797
4.087

155.7
844.6

-316.7
328.1

523.0
811.2

-1443.0
-32.5

980.8
753.3
302.2
469.1

a2
7.878
8.924
9.795

-117.6
-552.6
-179.3
-228.3

202.8
442.1

-1545.0
7.3

93.0
-1051.0

210.1
-57.3

a3
14.72
15.48
14.75

-567.4
-661.6

524.0
514.2

720.3
822.8 -

-103.1
-1335.0 -

-319.0
-703.4

10.9
1194.0 -

k
1443
1481
2315

-142.4
-362.1

283.6
-935.8

-573.3
-1223.0

694.3
-1445.0

-535.0
-282.2
1218.0

-1166.0

Table 6 True stability limits for individual parameters

Percentage perturbation

Parameter

Actuator 1 location51

Actuator 2 locationa

Actuator 3 location*
Torsional stiffness13

Beam thickness5

Young's modulus13

Mass density15

Gain element (1, l)c

Gain element (1, 3)c

Gain element (2, 8)c

Gain element (3, 9) c

Gain element (4, ll)c

Average perturbation
Average \\E\\2

Sensitivity
design

5.90
7.09
5.80

16.6
4.0

14.0
4,1

11.7
31.1
70.6
52.2
27.0
20.8

3.32

\
for instability

Robustness Mass
design design

7.68
6.25
6.20

296
9.4

31.3
61.2
54.9
36.6

715
66.8

124
118

9.83

2.87
1.56
3.60

23.2
2.1
8.0
1.0

20.6
29.4
55.7
18.9
26.8
16.1
1.92

tF E pR
0.0841 0.1480£ + 9 51.22
0.0939 0.1496£ + 9 262.1
0.0709 0.1494£ + 9 50.0

104.8 399.5 -528.3 260.5 314.3 880.61
-806.8 785.8 581.0 -160.4 199.4 -845.5

320.5 124.2 261.1 354.4 232.1 191.8
-813.7 1060.0 539.3 323.1 193.1 221.0 J

-1292.0 -288.3 -291.2 251.1 146.2 68.9"
-757.5 397.4 -508.8 -631.3 159.6 -322.2

-1202.0 410.2 1115.0 483.6 133.5 -582.4
-269.0 -223.3 45.5 197.3 176.6 -967.7.

-934.0 -374.8 455.1 -1032.0 54.5 -1146.01
823.4 -928.3 285.2 37.9 -549.3 321.6

-1106.0 1165.0 13.9 251.5 516.7 -654.6
-404.0 -683.8 -170.9 220.0 558.2 353.1 J

pected for this type of robustness measure since a single scalar
measure of perturbation magnitude in a multidimensional
parameter space (in our case, of dimension 55) is bound to be
highly conservative, not to mention the heavily structured na-
ture of the parameterized perturbations introduced here,
whereas unstructured perturbations are assumed in the Patel/
Toda theory. Nevertheless, we conclude from the stated results
that a significant numerical difference in the given robustness
measure corresponds to a significant difference in the actual
stability robustness of the closed-loop system.

The preceding numerical results confirm the usefulness of the
robustness measure as an objective function for robustness op-
timization but does not resolve the problem that this measure
(as well as all known robustness measures) is overly conserva-
tive if used as a predictive measure of the size of the perturba-
tion that will lead to actual instability. The fortunate paradox
is that maximization of this conservative measure is demon-
strated to be very effective in substantially increasing the sys-
tem's true robustness.

aNormalized by 10. bNormalized by nominal values (Table 1)
cNormalized by 500.

ual parameters while rigorously (nonlinearly) calculating the
corresponding eigenvalues' loci to detect the actual onset of
instability. Table 5 shows the converged design variables at
y = 1.0 where the parametric sweeping begins. In Table 6, the
stability limits of a selected set of 12 individual parameters
(determined by the first eigenvalue crossing the imaginary axis)
are shown. It can be concluded from this table that the maxi-
mum robustness design tolerates the largest amount of parame-
ter perturbations, i.e., that the maximally robust design is the
most robust of the three designs. On the other hand, the mini-
mum mass design generally tolerates the least amount of
parameter perturbation, i.e., it is the least robust of the three
designs.

The conservatism of the robustness measure of Eq. (17) in
guaranteeing closed-loop stability can also be seen from Table
6. All three averages of the 12 individually perturbed matrix
norms are greater by several orders of magnitude than the
predicted bounds that guarantee stability (see Table 4). It
should be noted that the preceding results are apparently typi-
cal; the predicted matrix norm bounds that guarantee stability
are quite often a few orders of magnitude smaller than true
stability limits. This large degree of conservatism is not unex-

Concluding Remarks
We have presented and demonstrated a novel design al-

gorithm for numerical applications using stability robustness
measures, which have not received much historical attention.
Three different cost functions (total mass, stability robustness,
and eigenvalue sensitivity) have been successfully optimized
with respect to a set of design parameters that included struc-
tural and control parameters and actuator locations. It was
found that some similarity in the convergence histories during
gradual imposition of the constraints exists between eigenvalue
sensitivity and stability robustness designs. The attractive prac-
tical consequences of optimizing the robustness criterion were
established in spite of its conservatism when used as a predic-
tive bound on allowable perturbation in the system matrix. It
can be concluded that a significant improvement in the robust-
ness measure does indeed correspond to a significant improve-
ment in the actual stability robustness of the closed-loop
system.
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